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Abstract 

We obtain Drinfeld second realization of the quantum affine superalge- 
bras associated with the affine Lie superalgebra D^>(2, 1; x). Our results 
are analogous to those obtained by Beck for the quantum affine algebras. 
Beck's analysis uses heavily the (extended) affine Weyl groups of the affine 
Lie algebras. In our approach the structures are based on a Weyl groupoid. 
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1 Introduction 

In this paper we study the quantum deformation of the affine Lie superalgebra 
£> (1) (2, l;x), where x G C \ {0,-1}. In Definition E2 for any q G C such 
that q(q n — l)(q nx — l)(g n ( rr+1 ) — 1) ^ for all n G N, we define the quantized 
enveloping algebras of Z)W(2, l;x) by the defining relations (cf. [YJ 0) in terms 
of the Chevalley-Serre generators. In Theorem 14 .71 we attach to any simple (even 
and odd) reflection (cf. |DP,S| ) a Lusztig type isomorphism between two such 
algebras. These isomorphisms satisfy Coxeter type relations, see Theorem 14.81 In 
Definition 16.11 we give Drinfeld second realization of quantum D^(2, l;x). Our 
main result is Theorem 16.61 see also Theorems 16.81 and 16.101 where we show that 
the two realizations are isomorphic as algebras. See [D] for the original Drinfeld 
second realization of the quantum affine algebras. The argument in this paper 
was inspired by Beck's work [Bee] and we utilize the Weyl groupoid instead of the 
Weyl group. Khoroshkin and Tolstoy [KT] obtained results concerning quantum 
affine superalgebras relevant to this paper. 

Our work was motivated by recent results in Hopf algebra theory and in 
theoretical physics, in particular the AdS / CFT correspondence. We sketch those 
aspects of these developments which are relevant for our work. 

They were originally given in [3 Remark 7.1.1] (or Prop.6.3.1(vii),(viii) in q-alg/9603015). 
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The Lie superalgebra D(2, l;x) has a very interesting relation to A(l, 1) = 
ps[(2|2), which is the only classical basic Lie superalgebra allowing for a non- 
trivial universal central extension [IKj with three central elements (see Sec- 
tion[2]for D(2, 1; x) and A(l, 1)). One can obtain this centrally extended algebra 
pst(2|2)©C 3 by a contraction from D(2, 1; x) in the limit x — > — 1. The Lie super- 
algebra pst(2|2) and its central extensions have recently become important in the 
context of the AdS / CFT correspondence |M,W,GKP| (for comprehensive reviews, 
the reader is referred to |AGMOO~7D F|). This conjecture relates the maximal su- 
persymmetric Yang-Mills theory in four dimensions to string theory formulated 
on AdSs x S5. On the gauge theory side of this correspondence one can think of 
a certain class of operators as integrable spin chains, and apply the Bethe ansatz 
technique to calculate their energy spectrum |MZt IBS] . The symmetry algebra 
of the gauge theory, which is the superconformal algebra psu(2,2|4), is reduced 
to u(l)©(psu(2|2) x psu(2|2))©u(l) upon choosing an appropriate vacuum for 
the spin chain. Excitations transform under u(l)©(psu(2|2) x psu(2|2))©u(l), 
and the S-matrix which intertwines two modules is physically interpreted as 
the scattering matrix of those excitations (detailed descriptions are contained in 
|Beilj ). Interestingly, the S- matrix is already fixed, up to a scalar prefactor, 
by vanishing of its commutators with the generators of the centrally extended 
(psu(2|2) x psu(2|2))©C 3 algebra |Bei2|. IBei3] . when one twists the universal en- 



veloping algebra with an additional braiding element J,GH,PST . The complete 



symmetry algebra has been recently related to a twisted Yangian [Bei4j. The 
spectral parameter of the Yangian, the eigenvalues of the central charges and the 
braiding are all linked on the fundamental evaluation representation. 

Due to its close relation to psl(2|2) it is very promising to study the affine Lie 
superalgebra D^'(2,l;x) (see Section for L>«(2,l;x)). Since one can obtain 
Yangians from quantum affine algebras one can consider physical models with 
quantum D^(2, 1; x) symmetry as deformations of models with Yangian pst(2|2) 
symmetry. In this paper we do the first steps by deriving Drinfeld's second real- 
ization of quantum D^(2, 1; x), which we need for further investigations of finite 
dimensional representations and studies of the universal i?-matrix. Our key tool 
is the Weyl groupoid of (quantum) Z)W(2, 1; x). The notion of the Weyl groupoids 
was initiated and has intensively been studied by the first author [H] in order to 
classify Nichols algebras of diagonal type with a finite set of Poincare-Birkhoff- 
Witt generators. The interest in Nichols algebras arose with a fundamental paper 
of Andruskiewitsch and Schneider [ASlJ where they developed a method to clas- 
sify pointed Hopf algebras. The results of many papers culminated in a fairly 
general classification result [AS2] on finite dimensional pointed Hopf algebras 
with abelian coradical over the complex numbers. In the heart of the theory the 
Weyl groupoid seems to play one of the fundamental roles. Guided by this obser- 
vation the first and fourth authors started to investigate the Weyl groupoids in 
more detail, and obtained a Matsumoto-type theorem [HY] for them. The fourth 
author [Y] essentially used the Weyl groupoids to get Serre-type defining rela- 
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tions of the quantum affine superalgebras and the Drinfeld second realization of 
the quantum A^(m, n) (see Remark |2.1 1 for the notation A^'(m, n)). The fourth 
author [Y] utilized the quantum deformation of the universal central extension 
of 1), 1)] to get a new .R-matrix. 

In this paper we use the following notation. Let Z and N denote the sets of in- 
tegers and positive integers, respectively, and let R and C denote the fields of real 
and complex numbers, respectively. The symbol 5y, or 5ij, denotes Kronecker's 
8, that is, 5ij — 1 if i — j, and 8ij = otherwise. 

2 The simple Lie superalgebra D(2, l]x) and the 
affine Lie superalgebra D^{2, 1; x) (x ^ 0, —1) 

As for the terminology concerning affine Lie superalgebras, we refer to [K], or to 

HE], EdD. 

Let o = t)(0) © 0(1) be a Z/2Z-graded C-linear space. If i G {0, 1} and j G Z 
such that j - z G 2Z then let = t)(z). If X G t)(0) (resp. X G o(l)) then we 
write 

(2.1) deg(X) = (resp. deg(X) = 1) 

and we say that X is an even (resp. odd) element. If X G t>(0) U o(l), then we 
say that X is a homogeneous element and that deg(X) is the parity (or degree) 
of X. If to C is a subspace and to = (to n t>(0)) ©(ton t)(l)) (resp. to C o(0), 
resp. to C d(1)), then we say that to is a graded (resp. even, resp. odd) subspace. 

Let a = a(0) © a(l) be a Z/2Z-graded C-linear space equipped with a bilinear 
map [,]:oxa->a such that [a(i), a(j)] C a(i + j) (i, j G Z); we recall from the 
above paragraph that 

(2.2) a(i) = {X G o | deg(X) = i}. 

We say that a = (a, [ , ]) is a (C-)Lie superalgebra if for all homogeneous elements 
X, Y, Z of a the following equations hold. 

[Y,X] = - (-l) deg W deg Cn[X,Y], (skew-symmetry) 
[X, [Y, Z]] = [[X, Y},Z} + (-i)degPOdeg(y) [ Fj [ X; ( j aco bi identity) 

Let a be a Lie superalgebra. We say that a bilinear form (■,■): o x o -» C is 
a supersymmetric invariant form on a if for all homogeneous elements X, Y, Z 
of a one has 

(Y,X) = (_l)deg(X)deg(Y)^ jy ) and ^ ^ ^ = ([X,F],Z). 

A graded subspace i of a is called an ideal if one has [X, Y] G i for all homogeneous 
elements X of a and all homogeneous elements Y of t. 
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Let I be a finite set. Let A = (Aij)ij e j be an |I| x |I| matrix with coefficients 
in C. Suppose that we are given an |I| x |I| diagonal matrix D = (5yDj)jj e i with 
B, G C \ {0} satisfying the condition that D _1 A is a symmetric matrix, that is, 
*(D _1 A) = D^A. Let I odd be a subset of L Let ? = g'(A, I odd ) be the C-Lie 
superalgebra generated by the (homogeneous) elements H;, Ej, Fj (i G I) with 

deg(e l )=o (iei), 

deg(E,) = deg(F i ) = 
deg(E i )=deg(F i ) = l 

and defined by the relations 

[Hi, ELJ =0, [Mi, Ej] =A lj E j , [Hj, Fj] = - A^-F,, [Ej, F,-] =5^ (i, j el). 

Let h' = f)'(A, I odd ), n + and n_ be the Lie subsuperalgebras generated by the sets 
{Mi\i G I}, {Ei\i G 1} and {Fj|i G I}, respectively Then {Hj|i G 1} is a C-basis 
of f)' and hence one has dimh = |I|. Further, one obtains the decomposition 
g' = n + © f)' © n_ as a C-vector space. The Lie superalgebras n + and n_ are free 
Lie superalgebras generated by the sets {Ej|i G 1} and {Fj|i G I}, respectively. 
Let t+ (resp. t_) be the largest ideal of g' which is contained in n + (resp. n_). 
Let q' = g'(A, I odd ) be the quotient Lie superalgebra q'/(x+ ©t_). Let Hi, Ej, Fj, 
h' = J)'(A,P dd ), n+, and n_ be the images of Hj, Ej, Fj, fj' = r/(A,I odd ), n+, and 
n_, respectively, under the canonical projection g' — > g'. Then g' = n + © h' © n_. 
Further, there exists a (unique) Lie superalgebra g = g(A, I odd ) = g(A, D, I, I odd ) 
with the following properties. 

(i) g includes g' as a Lie subsuperalgebra. 

(ii) There exists an even subspace h" = h"(A, I odd ) of g such that g = h" © g', 
dimff = |I| - rankA, and [(f, fj"] = [()', fj"] = {0}. 

(iii) Let f) = f)(A, I odd ) := h' © h", so g = n + © h © n_ as a C-vector space. 
Then for each % G I there exists ctj G h* such that [H, Ej] = a i (EI)E i 
and [H, Fj] = -aij(H)Fj for all Bel). Further, ctj (i G I) are linearly 
independent elements of ()*. 

For G \)\ let g^ = g(A,I odd ) /3 := {X G g|[H,X] = /^(H)Xfor all H G fj}. 
Let $ = $(A,I odd ) := {0 G fj* \ {0}| dimg^ ^ 0}. The set $ is called the root 
system of g and the elements of <E> are called roots. For a G $ the space g Q is called 
the root space of a. Note that one obtains the decomposition g = f) © (® a e$&a) 
as a C-vector space. 

Note that g' = [g, g]. 



(j'Gl\F dd ), 
(j'Gl odd ). 
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It is well-known that there exists a (unique) nondegenerate supersymmetric 
invariant form (-|-) on g such that 

(Hj|H) = DjCt^H) for alii G I, H G f), 
(H'/IH^) = for all H", H 2 ' G fj", 
(Ej|Fj) = <5jjDj for alii, j G I. 

Assume that g is a finite dimensional simple Lie superalgebra. It is well-known 
that g = g' (i.e., h = h'), and dimg a = 1 for all a G $. The (non-twisted) affine 
Lie superalgebra g = g(A, I odd ) is the Z/2Z-graded vector space 

© c[t, r 1 ] e Cif s e c# Ao 

such that deg(X © t m ) = deg(X) for all homogeneous X G g and to G Z and 
deg(i^) = deg(f/ Ao ) = (that is, g(0) = g(0) © C[M _1 ] © Ci^ © C# Ao and 
g(l) = g(l) © C[i, t -1 ]), together with the super-bracket 

[X © t m + aiifj + fti^A,,, Y © t" + a 2 i^ + 6 2 // Ao ] 

= [X, Y] © t m+n + m5 m+nfi (X\Y)H s + ft^Y © t n - b 2 mX © t m 

for all to, n G Z, 01,02,61,62 G C and homogeneous elements X, Y of g. Note 
that [g, g] = g © C[t, t" 1 ] © C^. 

The afline Lie superalgebra g is identified with an infinite dimensional con- 
tragredient Lie superalgebra g(A, I odd ) = g(A, D, I, I odd ) in the following way. 
Let 9 be the (unique) highest element of $(A,I odd ), that is, 9 G $(A,I odd ) 
and 6 + en i $(A,I odd ) for all i G I. Let E e G g(A,I odd ) e \ {0} and E_ e G 
g(A, I odd )_e \ {0}. Then E±# are homogeneous elements of g(A, I odd ). Further, 
one has deg(E e ) = deg(E_ ), [E_ e ,E ] G h(A,I odd ), and (E_ e |E ) ^ 0. Let 
W := [E_0,E e ]. Then g(A,F dd ) = g(A, 6, I, I odd ) is the contragredient Lie su- 
peralgebra defined with A, D, I, and I odd below. 

(i) t is a set given by adding an element o to I, that is, I = I U {0} and 

|i| = |i| + i. 

(ii) t odd is the subset of I defined as follows. If deg(E ) = 0, then let I odd := I odd . 
If deg(E e ) = 1, then let I odd := I odd U {o}. 

(iii) 6 = (Oy©;) Mgi is the |t| x |t| diagonal matrix defined by B t = B t (i G I) 
and D = (E_ fl |E e ). 

(iv) A = (A^ . gi is the |f| x |i] matrix defined by A^- = A^-, A oi = Bj 1 (B! \Wj) , 
A io = B~ 1 (M i \E' ), and A 0O = Dr^H'jH'J fori, j G I. (Note that *(6 _1 A) = 
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Figure 1: (Standard) Dynkin diagram of D(2, 1; x) (x ^ 0, — 1) 
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More precisely, there exists an isomorphism ip : g(A, I odd ) — > g such that 
<p(Mi) = Ih ® 1, ^(E,) = Ej ® 1, <^(F,) = Fj ® 1 (i G I), <^(H ) = H' D ® 1 + B H S , 
<p(Eo) = E_ e ®t,y?(F ) =E (9 ®r 1 , and^(l)"(A,i odd )) = C(# Ao - §(X X) 
for some X G fj'( A > Iodd )- 

Let 0, 5, and A be the elements of f)(i,i odd )* defined by 9{^ l (H h )) = 

6{ V -\H Kq )) = 0, 6( V -\H S )) = AoforHflAo)) = 0, ^(FaJ) = Uf' 1 ^)) 
= 1, 9[tp- x ^ 1)) = 6(E), and Sfo-^M 1)) = A (^ _1 (H ® 1)) = for all 
H G f)(A,I odd ). Then one has a = 5 - 6 and, moreover, (^(^H) = 5(H) 
and (^(^aJIH) = A (H) for all H G ()(A,i odd ). 

Now we define the Lie superalgebra -D(2, 1; x) and the affine Lie superalgebra 
D®(2,l;x). Let I = {1,2,3} C N and I odd = {2}. Let x G C \ {0} and 



(2.3) 



First consider the case x ^ —1. Then g = g' and dimg = 17. and, moreover, 
$ = {±«i, ±a 2 , ±a 3 , ±(«i +0C2), ±(a 2 + a 3 ), ±(«i + a 2 + a 3 ), ±(ai + 2a 2 + «3)}- 
Further, g is a finite dimensional simple Lie superalgebra and is called D(2,l;x). 
The affine Lie superalgebra g is denoted by D^ 1 >(2,l;x). As mentioned above, 
l;x) is identified with a contragredient Lie superalgebra. Its Dynkin dia- 
gram is given in Figure [2] (see the one labeled d = 2 in Figure [2] especially). 

Now assume that x = —1. Then dimg = 16, dimjj' = 15 and g,g' are 
called 0[(2|2) and sl(2|2), respectively. Further, $ = {±ati, ±ct 2 , ±0:3, ±(ai + 
a 2 ), ±(a 2 + 0:3), ±(ai + a 2 + 03)}. However sl(2|2) is not simple, and ps[(2|2) : = 
A(l, 1) := s[(2|2)/C(HI 1 + 2E[ 2 + H3) is a 14- dimensional simple Lie superalgebra. 
We obtain a 17-dimensional Lie superalgebra from D(2,l;x) by performing a 
specialization of x at —1. It is a universal central extension of ps[(2|2) and 
sl(2|2). Similarly, we obtain a universal central extension of psl(2|2)®C[t, t -1 ] and 
sl(2|2) <g)C[i,i _1 ] from [D^ 1 '(2,l;x),D^ 1 >(2,l;x)] by performing a specialization 
of x at —1, see IIKI. 



Remark 2.1. TTie Lze superalgebras gl(m+l\n+l), sl{m+l\n+l) , psl(n+l\n-\-l) , 
A(m, n) and A^(m, n). Let m and n be non-negative integers such that m + n > 
1. For i,j G {1, . . . , m + n + 2}, let Ejj denote the (m + n + 2) x (m + n + 2) 
matrix having 1 in position and otherwise, that is, the (i, j)-matrix unit. 
Let E m+n+2 denote the (m + n + 2) x (m + n + 2) unit matrix, that is, ^™~^ n+2 E^. 
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Denote by M m+n+ 2(C) the C-linear space of the (m + n + 2) x (m + n + 2)- 
matrices, that is, ©™t™ +2 CEj The Lie superalgebra gl(m + l|n + 1) is defined 
by g[(m + l|n + 1) = M m+n+2 (C) (as a C-linear space), g[(m + l\n + 1)(0) = 
(©SSCEy) © (©K&CEy), 0^ + !|" + !)(!) = (©S 1 ©f^l CEy) © 

(©7+/ ©™+Y2 2 CE *,i) aIld l X ' Y ) = XY - (-l)deg(X)dcg(y)y X for aU X,Ye 

g[(m+l|n+l)(0)Ugl(m+l|n+l)(l), where XY and YX mean the matrix product, 
that is, Ej jEfc / = t^E^. Define the C-linear map str : Ql(m + l|n + 1) — > C 
by str(Ey) = ~~ ^,0- Tne Lie subsuperalgebra {X G 

g[(m + l|n+ 1) | str(X) = 0} of g[(m + l|n + l) is denoted as sl(m+ l\n + 1). The 
finite dimensional simple Lie superalgebra A(m, n) (cf. [K]) is defined as follows. 
Let 3 be the one dimensional ideal CE m+n+2 of gl(m + l\n + 1). If m ^ n, then 
A(m, n) means s[(m+l|n+l). On the other hand, A(n, n) means sl(n+l\n+l) / 
and is also denoted as psl(n + l|n + 1). 

Recall the Lie superalgebras g = g(A, D, I, I odd ) and g = g(A,I odd ) = g © 
C[t, t _1 ] © CH$ © C# Ao , introduced above. 

Define the supersymmetric invariant form ( , ) on g[(m + l|n + 1) by (X, Y) = 
str(XY). Then the infinite dimensional Lie superalgebra gl(m + l|n + 1)^ is 
defined in the same way as that for g with g[(m + l|n + 1) and ( , ) in place of g 
and ( | ) respectively. Further, sl(m + l|n + 1)^ means the Lie subsuperalgebra 
s((m + l\n + 1) © Cftr 1 ] © Ci^ © C# Ao of gl(m + l\n + 1)«. If m ^ n, 
then A^(m, n) means slim + l\n + lp 1 '. On the other hand, A^(n,n) means 
sl(n + l|n + l) (1) /(3 ® C[t,t -1 ]). (See also [K], or [K], for these notation.) 

Assume A, D, I, and I odd to be the (m + n + 1) x (m+n + 1) matrix ( — <5i— j.i + 
2(l-5i jm+ i)5 l j-(-l) ai - m+1 5i_ i _i)i<j J < m+n+ i, the diagonal (m+n+1) x (m+n+1) 
matrix (5ij(J2T=i hk ~ YT=m+2 $i,i))i<i,j<m+n+i, {1, • • ., m+n+1}, and {m + 1} 
respectively. 

Assume that m ^ n. Then we identify A(m, n) with g, since there exists a 
unique isomorphism : g — > A(m, n) such that cc(Ej) = Ej^+i and tu(Fj) = 
Ej +l i . Further, we identify A^ l >(m,n) with the affine Lie superalgebra g, since 
{w{X), w(Y)) = (X\Y) for all A, Y E g. 

Assume that m = n. Then g is isomorphic to g[(n + l|n + 1), and we identify 
them. Note that g is not simple since [g, g] ^ g. Nevertheless, we define A, D, 
I, and I odd in the same way as above, and we let g := g(A, D, I, I odd ). Let sl(n + 
l|n + 1) be the Lie subsuperalgebra sl(n+ l\n + 1) (1 ) ©CE^i of gt(n + l|n + l)^. 
Then g is isomorphic to sl(n + l|n + l)/(© reZ \{ }3 © t r ) (cf. [Y], Section 1.5]). 

3 Semigroups and braid semigroups 
3 . 1 Semigroups 

In this section we fix notations and terminology concerning semigroups. This will 
be helpful for the definition of semigroups by generators and relations. 
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Let K be a non-empty set. We call K a semigroup if it is equipped with 
a product K x K K, (x, y) i— > xy, satisfying the associativity law, that is, 
(a^/)^ = ^(2/2;) for x, y, z G if. If K is a semigroup, we call it a monoid if there 
exists a unit 1 G X, that is, lx = xl = x for x & K. If is a semigroup and does 
not have a unit, let denote the monoid obtained from K by adding a unit. 

Let if be a non-empty set and L (H) a set of all the finite sequences of 
elements of H, so, L(H) = {(hi, . . . , h n )\n G N, h { G H}. We regard L(If) 
as a semigroup whose product is defined by (hi, . . . , h m )(h m+ i, . . . , h m+n ) = 
(hi, . . . , h m , h m+ i, . . . , h m+n ). Then is called a /ree semigroup on if and 

£(ff) a/ree monoid on if. Let G J} be a subset of L(if) xL(H), where 

J is an index set. As usual, for at most two elements g, g' of L(H), we let the 
notation {g,g'} mean the subset of L(H) consisting of g and g'. (Hence the car- 
dinality of {g, g'} is 2 — 5 g<g i. As for 8 g , g ', see the last paragraph in Introduction.) 
For g 1 , g 2 G L(H), we write g x ~i g 2 if the equation {g 1 ,g 2 } = {z 1 x j z 2 , z 1 y j z 2 } 

(equality of subsets of L(H)) holds for some j G J and some Zi, z 2 G L(H). For 
(7, G L(H), we write g ~ g' if g = g' oy there exist finitely many elements 
, . . . , g r of L(H) such that g\ = g, g r = g' and gi ~i Then ~ is an equiva- 
lence relation in L(H). Let L(H)/~ be the set of the equivalence classes in L(H) 
with respect to ~. For g G L(H), let [g] be the element of L(H)/~ containing 
g. We regard L(if)/~ as a semigroup so that the map L(H) —>■ L(H)/~ de- 
fined by cj 1 — > [g] is a homomorphism. We call L(H)/~ the semigroup generated 
by H and defined by the relations Xj = yj (j G J). When there is not fear of 
misunderstanding, we also denote [g] simply by g. 



For the presentation of contragredient Lie superalgebras q one can use different 
Dynkin diagrams. This fact leads to the definition of the Weyl groupoid as a 
symmetry object of q. General properties of such groupoids were investigated 
in [HYj . In this section we introduce the Weyl groupoid and the extended Weyl 
groupoid of the affme Lie superalgebra D^>(2,l;x). 

Let V := {0,1,2,3,4}. Let >: S s x V -> V denote the usual (left) action 
of the symmetric group S5 on T> by permutations. The elements of the set T> 
will be used to label different Dynkin diagrams for the affine Lie superalgebra 



Let/:= {0,1,2,3}. Note that |/| = 4 is the rank of _D (1) (2, 1; x). This set will 
be used to label the vertices in a given Dynkin diagram. In order to define the 
Weyl groupoid we will need the following structure constants. For d G T>\ {4} 
and i,jEl with i 7^ j let 



3.2 The Weyl groupoid of D^(2, 1; x) 



D<U(2,l;x). 



(3.1) 




m 



3. 



S 



The index d = 4 is distinguished, see Figure [2j Note that 



for all d G T> and z, j G /, where n« = (i4) as an element in S5. Further one has 

rii\> d =d if rriij-d = 2, nirijiii =njrtirij = (ij). 

The extended Weyl groupoid defined below contains even and odd reflections 
and elements corresponding to permutations of vertices of Dynkin diagrams. Note 
that any permutation of vertices of a given diagram can be identified with a 
permutation / of /. In our setting only the Klein four-group 

(3.2) £4 = {f := id, h : = (01)(23), f 2 := (02)(13), / 3 := (03)(12)} 

will be needed. Further, any / G /C4 induces a permutation 7(/) of Dynkin 
diagrams d G T>. Thus one obtains a group homomorphism 

7 : /C4 — > 5*5 = Perm£>, 

defined by the following formula, see Figure [2j 



7 (/)>d 



/(d) if dG {0,1, 2, 3}, 
4 if d = 4 



for all / G /C4. This formula is accidentally true in our setting, and can not be 
generalized to arbitrary contragredient Lie superalgebras. By abuse of notation 
we will also write f >d instead of 7(/) > d. 
Let W ext be the semigroup generated by 

(3.3) {0} U {e d I d G V} U {s hd | % G /, d G V} U {r /)d | / G /C 4 , d G P} 

and defined by the following relations fl3.4l) - fl3.12l) : 



(3.4) 





=0u = uO for all elements u 


in (j3.3|), 




(3.5) 


eded 


=ed, e d e d > = for d ^ d', 






(3.6) 


^rii>d^i,d 








(3.7) 


Si,rii\>dSi,d 


=e d , 






(3.8) 


Si,d$j,d 


Sj,dSi,d 


if mi,j-,d 


= 2, 


(3.9) 


Si,n,jnit>dSj,ni>dSi,d 


S j ,nirij>dS i,rij>dS j .d 


if rnjid 


= 3, 


(3.10) 


efodTf,d 


=Tf,d, Tf, d e d = Tf, d , r h4 


= e d , 




(3.11) 


TfJi >d Tf>,d 


=Tff,d for/, f'eJCt, 






(3.12) 




= Sf(i),ft> d T Ld . 
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Figure 2: Dynkin diagrams of D^(2, 1; x) (x ^ 0, — 1) 



Definition 3.1. The semigroup W ext is called the extended Weyl groupoid of the 
affine Lie superalgebra Z)W(2, 1; x). H The subgroupoid of W ext generated by the 
set 

(3.13) {0} u {e d | d e V} u {s i4 \ieI,deV} 

is called the Weyl groupoid of D^ l >(2, 1; x) and will be denoted by W. 

For an element w = s ir4r • • • Si 2>d2 Si 1)dl of W 7 , where <i u := rij ti _ 1 ■ ■ ■n il > d 1 for 
1 < w < r, we also use the abbreviations 

(3.14) 

W =S ir ■ ■ ■ S i2 S iljdl , Tf >dr W =T f S ir ■ ■ ■ S i2 S il>dl , WTfj >d =S ir ■ ■ ■ S i2 S h T fJ>d . 

If r = 0, let s ir ■ ■ ■ s i2 s il>d := e d , r f s ir ■ ■ ■ s i2 s il)d := r f4 and s ir ■ ■ ■ s h r f4 := r f4 . 
Note that 

(3 15) = ^ U ^ TfSir ' ' ' ShSil ' d ' d G V) * G /C4 ' r G N °' iu ' ' ' ' %T E J ' 

««^»+iforl<w<r-l}. 

Now we prove that the elements TfSi r ■ ■ ■ Si 2 Si l4 in Eq. ( 13. 15ft are nonzero. Let 
M? be an R-vector space of dimension \T>\, and let {v d \ d E T>} be a fixed basis 
of M. v . Then there is a unique semigroup homomorphism 

sgh : W ext -> End(R 7? ) 

such that 

^ 3 lg v sgn(0)(u^) = 0, sgh(e (i )(?; d /) =5 M >v dl , 

sgh(s iid )(v d ,) =(-l)5 dd >v ni>d , sgh(T f4 )(v d >) =S dd ,v ft>d , 

for all d,d' E V, i E I, f E /C 4 . In particular 7ys ir . • • ■ s i2 s il4 ^ for all d E V, 
f E /C 4 , r G N , and . . . , i r E I. Let 

e <i •— e d) ( T f S ir ' ' ' s i2 S h,d) ■— s h s i r - 1 s i r T fJn ir ---ni 2 n il >d- 

One says that an expression w = TfS ir ■ ■ ■ s i2 s il4 is reduced if w = TfSj 3 ■ ■ ■ Sj 2 Sj l4 
implies that s > r. In this case one defines £(w) := r. 



2 Here we use the less standard terminology concerning groupoids, in which the multiplication 
is globally defined, but may be zero (instead of nondefincd). Then all groupoids are semigroups. 
Removing from the semigroup gives a groupoid in the standard sense. 
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3.3 The braid semigroup 

Lusztig [LI] defined automorphisms of quantized enveloping algebras of Kac- 
Moody Lie algebras attached to all simple reflections of the corresponding Weyl 
group. These automorphisms are not involutions, but nevertheless they satisfy 
some Coxeter relations. Analogously there exist isomorphisms between different 
realizations of quantized D^(2, 1; x), see Section H~2l which also satisfy Coxeter 
relations. At this place we introduce the abstract semigroup which forms a bridge 
between the aforementioned isomorphisms and the Weyl groupoid of D^(2, 1; x). 
Let W ext be the semigroup generated by 

(3.17) {0} U {e d | d G V} U {s i>d | % G /, d G V} U {f /)d | / G /C4, d G T>} 

and defined by the relations analogous to (13.41) - (13.6j) . (I3.8j) -( 13TT2"]) . Let W be the 
subsemigroup of W ext generated by 

(3.18) {0} U {e d I d G V} U {s i)d | i G /, tZ G V}. 

Notation 3.2. For elements of W and W ext we use a notation analogous to the 
one in Eq. fl3TT4j) . 

Similarly to Eq. (13. 1 5[) one has 

(3.19) W cxt = {0} U {f f s ir ■ ■ ■ s l2 s iud I d G V, f G ^4, r G N , ii, . . . , V G J}. 

Note that there exists a canonical semigroup homomorphism p : W ext — ► iy ext 
such that 

p(0) =0, p(^/5i r ■ ■ • Si 2 §n,d) =r/Sj r ■ • • s i2 s iud 

for all d G £>, / G /C4, r G No, and ii, . . . , i r G /. 

3.4 Special elements of VF ext 

The extended Weyl group of an affine Lie algebra q, which is the group generated 
by the Weyl group and by diagram automorphisms of q, can be written as the 
semidirect product of the (finite) Weyl group of q and a free abelian group, 
and the latter can be identified with the weight lattice corresponding to g. We 
expect that a similar decomposition holds for the extended Weyl groupoid of any 
affine Lie superalgebra. Since we are mainly interested in the (quantum) affine 
Lie superalgebra D^(2, 1; x), we will not work out here the details of such a 
decomposition, but concentrate on those formulas which are necessary to obtain 
Theorems 14.71 14.81 an d 14.101 Nevertheless it may be helpful to think about 
the elements uj^ d introduced below as the generators of the weight lattice in the 
extended Weyl groupoid W ext . Further, the analog of the Weyl group of q will 
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be the subgroupoid of W ext generated by the reflections s^d, where i G / \ {0}, 
deV\{0}. 

Define G iy ex \ where i & I \ {0} and d eV \ {0}, as follows. Let i, j, 
k E I \ {0} be such that {i,j,A;} = {1, 2, 3}(= / \ {0}). Let 



(3.20) 



<4 



(3.21) 



-Tfj,kSj.kSk,4Si,iSj,i T "fjS 'j^k^iS 

~^Q,i^i,4^jJ^kJ^j,A^i,i ^Q^i^j^k^j^i^i ^Q^i^k^j^k^i,i' 

It is easy to check [HY] that all of the above expressions are reduced. Define also 
oj^ d G W cxt , where i G / \ {0} and d eD \ {0} by the following formulas: 

z Tfi,4:Si,iSk,iSj,iSi,4 = Tfi^iSkSjSi^ = T^SjSjSfcSj^, 
~Tfj,kSj,kSk,4Si,iSj,i Tfj^jS^SiSj^i, 

%A) - for all i G I \ {0} and d G V \ {0}. 

Remark 3.3. In order to understand the above definitions it is important to note 
that for all i G / the vertex i is playing a special role in the Dynkin diagram 
labeled by i. 

The elements of W ext defined above satisfy the equations 

~~v ~v~ ~v 

for all % G I \ {0} and d G T>\ {0}. Further, for i, j, k as above let 



~ v 



Note that p(c^ v 



(3.22) i/ M :=Tf i s i s k Sj ii , 
Lemma 3.4. One has 



.i.i 



_ ~ V 
Vi t ni>dSi,d — W id 



for allie I\ {0} anddeV\ {0}. 

Proof. This follows immediately from Eq.s (13.221) and (I3.2ip . 



□ 



3.5 Some commutation relations in W ext 

In |L2[ Lemma 2.7] Lusztig studies the braid group of the extended Weyl group 
of an affine Lie algebra. In our setting the following related formulas are valid. 

Theorem 3.5. (1) For all i,j G I\ {0} and d <EV\{0} one has 
(3-23) G>lfi] 4 = u>l,&l d 

(2) Assume that {i,j, k} = {1, 2, 3} and d G P \ {0}. Then one has 
(3.24) 
(3.25) 



,~,v 



~, V \m,- 



U i,d<^i,d - S i,d\ UJ j,d 
Ui, ni t>dSj,d =Sj,d&i,d- 



-2/~,V \m ikd ~2 
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Proof. Suppose that i ^ j and d = 4. One calculates 

^i,df^j,d = ^fi,4^i,i^k,iSj^Si^ff :j ^Sj i jSkjSi ! jSj : 4 = ff it 4Tf ;j ^Sf~,k s i,k^0,kSk,4 s j,j^k,j s i,j^j,'A 



~Tfk,ASk,kS0,kSj,kSi,kSk,4Si,iSj,iSi,A-, 



^j,cf^i,d — T fjA S j,j S k,j s i,j s j,4Tf i ,ASi^Sk,iSj i iSi^ — Tf ^iTf^&SkfiS j^Q,kSk,A^i,i s k,i^ j,i s i,A 
= 1~fkA S k,k s 0,k s j,k s k,4 s i,i s k,iSj,iSi y 4 = Tf k ^Sk,kS0,kSj,kSi,kSk,4Si,iSj,iSi,4- 

The statement of part (1) for d G {1,2,3} and part (2) can be obtained analo- 
gously. □ 

3.6 Symmetric bilinear forms 

The affine Lie superalgebra D^(2,l;x) can be described with help of different 
Dynkin diagrams. In this section we define symmetric bilinear forms associated 
to all of these diagrams. 

For any d G T> let Vd be a four dimensional C-vector space, and let = 
{a.i,d | i G 1} be a basis of Vd- Let x G C \ {0, — 1}. According to the Dynkin 
diagrams in Figure [2} for each d G T> define a symmetric bilinear form ( , ) = 
( , )d : Vd x Vd — > C as follows: 

(a i>4 , a iyA ) =0 for % G I, (a ,4, "3,4) = (oi,4, "2,4) = -1, 

(«0,4, 0:1,4) = («2,4, 03,4) = -X, (a 0) 4, "2,4) =(«1,4, 03,4) = X + 1, 

(00,0,00,0) =0, (o i>0 , atj,o) =0 for i,j G {1,2,3}, i=fij, 

(oi j0 , oi j0 ) = - 2x, (ai )0 , o 0j0 ) =z, 

(a 2 ,o, o 2 ,o) =2(x + 1), (a 2 ,o, o ,o) = - £ - 1, 
(03,0, o 3i0 ) = - 2, (a 3)0 , a 0) o) =1, 

and 

(o iid , a jjd ) =(a/ d (i) ) o, a/ d (i),o) 
for d G {1, 2, 3}. For d ET> define a Z-module map p = Pd '■ ^ILi — ► ^ by 



p(a 



i,d) 



if (a ijd , a i:d ) ^ 0, 

1 if (a i:d , ati,d) = 



and call p(a) the parity of a G ZILj. The next lemma follows immediately from 
Eq. (13.11) and the definition of ( , ) . 
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Lemma 3.6. One has 

rrii,j;d =2 if (a iid , a jtd ) = 0, m i&4 =3 if (a i)d , a j>d ) ^ 0. 

for all d £D and i,j G / wtt i ^ j ■ 

In the following lemma we give a representation of W oxt which is compatible 
with the symmetric bilinear form defined above. 

Lemma 3.7. Let V := ® d=Q V d . Then there exists a unique semigroup homomor- 
phism t : W cxt — > Endc(V) such that 

t(0) = 0, t(e d ) = id Vd , t(Tf,d){o£i,d) =af(i),f>d, 

t(si,rf)(ai,d) = -a it n t>d , t(s i>d )(a jid ) —a j>niC>d + {m itj . d - 2)a i>ni>d 

for all i,j G / and d &T> with i ^ j . Moreover, for w G W 70 ** roi/i wed = w and 
for v, v' G V d and \i G ZIT rf we /jave 

(3.26) (t(w)(v),t(w)(v')) = (v,v') and (-1)^"'^ = (-l) p(/i) . 

Further, if p{oti, d ) = £/ien ni> d = d, (a^d, a^d) 7^ ; and 

./ w \ 2(a i)rf , a i(l ) 
tiSidj^ajdJ = a, d -; r-a^d 

/or a// i,j & I and d G P. 

Proof. One has to check that the definition of t is compatible with the relations 
fl3.4p - fl3.12p . This is trivial for all relations different from (I3.8P and (13.91) . but 
also easy for the latter. For example, if i,j, k G / are pairwise distinct then one 

gets 

Further, Eq. (I3.26P has to be checked for generators w of W ext . Again all calcu- 
lations are easily done. □ 

For affine Lie (super) algebras there exists a distinguished root 8 (see Sec- 
tion [2]), which should be considered here. For all d G V set 
3 3 

(3.28) 5 4 :=^ a . 4; 5 d := a d4 + ^2a i4 for d G {0, 1, 2, 3}. 

i=0 i=0 

Then these are the elements corresponding to 5. Note that for all d G T> one has 

CS d = {A G V d I (A,/i) = Ofor all /1 G 

Further, using Eq. (13.201) and Lemma I3TT1 one gets by computations similar to the 
one in Eq. (I3.27P the following formulas: 

(3.29) t(u^ d )(a i4 ) = a i;d - 5 d , t(o;^ d )(a ijd ) = a j;d , t(w)(S d ) = 8 d > 

for all i,j G I\ {0} with i ^ j, and all w G W ext and d,d' eV \ {0} such that 
e d iwe d = w. 
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4 Quantum affine superalgebras of D^(2, 1; x) 

Drinfeld [D] gave a second realization of quantum affine algebras U g (Q). He 
identified the generators of his algebra as loop-like generators in U q (o). We fol- 
low Beck's method [Bee] to define the analog of Drinfeld's second realization for 
D^(2, 1; x). First we introduce the quantum affine superalgebra of D^(2, 1; x) 
for any Dynkin diagram. Then in Section 14.21 we will give Lusztig type isomor- 
phisms between these algebras, and observe that these isomorphisms satisfy the 
relations of the braid groupoid. 

4.1 Quantum affine superalgebras U' d 

Fix h G C \ Zttv^T. For any u G C let 

q :=exp(uH)=y — , q :=q , « , := -. 

' n! o — q~ 

n=0 ^ ^ 

In this paper we assume that 

(4.1) q ku ^ 1 for all b£{1,i,i + 1} and fcGN. 

Let d £ V. Let be the C-algebra (with 1) generated by the elements 

(4.2) a d , K? d , KJ, E ifd , F i>d , where i & I 
and defined by the relations ( 14.3l) -( l4~7l) below: 

(4.3) XY = YX for X, Y G {a d , K* d , Kj \i G /}, 

(4-4) <J\ = 1, K\ d Kj = KjKl d = 1, 

(4.5) a d E i4 a d = {-lf^E i>d , a d F hd a d = {-1)*^ F i)d , 

(4.6) Kl d E hd K-} = qtwWE j4 , Kl d F j4 KT) = q-^^F^ 

(X^ ) 2 - (K~h 2 

(4.7) E i d F j d - {-iy^^F j>d E i4 = 5^—^ K -^J_ 

q — q~ 

i _i 

for all i,j G I. Note that for all i G I the equations (K^)' 1 = K id and 

i 

(K? d )° = 1 hold. Later on we will also use the abbreviations 

1_ m_ 1 m 

(4.8) ^, rf :=(^) 2 , JT£ := (JT£)™, K%:={K$? for all m G Z, 

3 1 3 1 

TT — I x l 

(4.9) K^a := ' for all ^ = 2L "^"M e with mi E Z ' 

i=0 i=0 
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In particular, according to the definition of S d in Eq. (I3.28|) we have 

3 3 

( 4 -!0) K 6 d - A =U K ^ K 6 d ; d = K d , d U K ^ ford G{0,1,2, 3}. 



i=0 i=Q 



The algebra U' d admits a unique Zl^-grading (see Section [3761 for the definition 

ofn d ) 

K=(B 1 eU '^ W,a cW ^+a fo r a11 v> a g zn d , 



Aezn 



±1 

such that (Td,K it d e W d,0' e ^Uid' anc ^ ^l<* e U'd-a id fo r a11 * e I- Further, 
there exists a unique algebra automorphism ^ d of U' d such that 

Notice that ^ d {X) = a d Xa d for all x G U' d . 

Notation 4.1. (Super-bracket and g-super-bracket) For elements of U' d we use 
the super-bracket [, ] and the q- super-bracket [, ] defined as follows. For any 
fi, A G ZTl d , a G C, and X M G U' d>(l , Y\ G ZY^ A we let 

(4.11) [X„, Y x ] a := XfjY\ - (-ly^^aYxX^, 

(4.12) [X M , Y x ) : = F A ] 1; Y x ] := [X^ Y x ] q - M 

Now we define the quantum affine superalgebras U' d of D^(2,l;x) for the 
Dynkin diagrams labeled by d G T>. 

Definition 4.2. For any d G P let U' d be the quotient of the algebra U' d by 
the ideal generated by the following elements (see also [Y] Remark 7.1.1] (or 
Prop.6.3.1(vii),(viii) in |q-aJg/9603015 )): 

(4.13) Ef d , where i G / and p(cxi 4 ) = 1, 

(4.14) [E iid , E j;d ], where i,j G I, z ^ j, and (a M , a,-^) = 0, 

(4.15) [E ijd , [E i)d , E jid ]j, where i,j e I, j, p{a i)d ) = 0, and (ot i)d , 7^ 0, 

(4.16) [(a M , a M )], [[^,4,^,4], £ M ] - [K 4 , a ii4 )] 9 [[^,4, £ M L 

if d = 4, where z,j, fee / such that i < j < k, 
[(a itd + a d , d , a k4 +a d4 )] q [{[E d4 , E iid ], [E djd , E jjd ]j, [E d ,d, E kjd ]]- 

(4.17) [{a hd + a d4 ,a j4 + a d4 )] q [[[E d4l E hd j, {E dtd , £ M ]], {E d> d, E j>d \] 

if d ^ 4, where {2, j, k,d} = I and i < j < k, 

(4.18) *dP0, for all X in (|Q5jl - (|Q7|l . 



17 



Notice that ^ d induces an automorphism of U' d , which will also be denoted 
by ^d- Further, U' d inherits a ZiT d -grading from W d , that is 

u 'd = 1 £U' d ,o, U' d ,,U' dtX cU' d ^ +x for all fi, A G ZU dl 

\ezn d 

and hence Notation 14. II can be applied also to the elements of U' d . 

Lemma 4.3. For any /i, A,£ G ZU d and G U' d , Y x G U' dX , G U' d( _, (or, 
alternatively, X^ G U' d , Y x G U' d X , G W d ^,) one has the following formulas. 

K X]d Y x \ = q-^K X;d [X„ Y x ], {K^X,, Y X ] = K^[X„ Y x ], 

[[X^Y&Zt] = IX„ {Y X ,ZS + (-l^^q-^X^Z^Y)]^-^ 

{X„ {Y X ,ZS = + (-l) pMp(X) q- M [Y x , [X^Z^^q. 

Proof. The first two equations follow from Eq.s (14.121) and (14.61) . For the other 
relations one needs only the definition of the g-super-bracket. □ 

Lemma 4.4. Let d G V and i, j G I with i j. Then the following equations 
hold in U' d and in U' d . 

(4.19) [[Ej 4 , E iid ],F itti ] = - [(a M , a^K^E^, 

(4.20) [{E j>d , E i>d j, F hd ] =(-l) p(a ^ )p(Q ^ ) [(a,,d, a j4 )) q E i4 K j4 , 

(4.21) [E i>d , [F j)d , F i>d j] =(-l)^W[( a . d: a hd )] qKl4 F hd , 

(4.22) [E hd) [F j4 , F i4 \\ = - [(a i:d , a j4 )] q F i>d Kj} 

(4.23) [lE jid ,E ijd HF j>d ,F i4 }] = 



q-q 1 



Proof. Eq.s f l4~T9|) . fl4~20l can be checked directly by using Eq.s M).fl47D. Then 
Eq.s fl4T211 . fr4T22|) can be obtained from (P9]) . (O0l by applying ^ d . Finally, 
Eq. fT4T23|) follows from formulas flCTl) - fl422]) by using (^ .(Ojl. □ 

Let U' d >0 , M' d <0 , and U'° be the subalgebras of U' d generated by the sets 



{E itd \i G I}, {F i4 \i G /}, and {a d , Kf d \ i G /}, respectively. Let U' d >0 , U' d <0 , 
and U'° denote the images of W d >0 , U' d <Q , and respectively, under the canon- 
ical projection U' d -»■ [/^. Notice that C/f = ^(t/^ ) and = U' d °. 

Theorem 4.5. (1) T/ie C-algebras U' d and U d can be regarded as Hopf algebras 
(U d , A, S, e) and (U' d , A, S, e) such that 

A(X) =X®X, S(X) = X~\ e(X) = 1 for X G {cr d , xf) \ % G /}, 
A(-Ej i d) =£ i>d ® 1 + X M ^ (ai ' d) ® £ M , S(£ m ) = - Kry d ^ d) E i>d , 
A(F M ) =F iid ® tf£ + af a - d) ® F i>d , S(F i>d ) = - F t4 K hd a P d {a - d \ 

e{E i>d ) = e{F i>d ) = 
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for all i G /. 

(2) The algebras U' d and U' d admit a triangular decomposition. More precisely, 
the multiplication maps 



® <g> - u' d , u'<° ® c/'° ® c/T - c/; 

where X\ ® X 2 ® X 3 zs mapped to XiX 2 X 3 for all Xi, X 2 , X 3 , are isomorphisms 
of TH d -graded C-vector spaces. Further, the algebra W d >0 is the free algebra gen- 
erated by the set {E^d | % G I}, and U' d >0 is isomorphic to its quotient by the ideal 
generated by the elements in (I4.13p -( l4.17p . The algebras W° and U f0 are both 

isomorphic to the commutative algebra generated by the set {ad, K id \i E 1} and 
defined by the relations (14.41) . so the set 

3 

{<# \{{Kl d r | m G {0, 1}, m G Z /or a// i G /} 

i=0 

zs a C-basis of both U' d and U' d °. 

Proof. Part (2) of the theorem is standard p} Prop. 4.16, Thm. 4.21]. The com- 
patibility of A and e with the defining relations of U' d , and the axioms of S can 
be easily checked. In order to prove that A is well-defined on U' d >0 and U' d <0 we 
used the computer algebra program Mathematica. □ 

4.2 Lusztig type isomorphisms 

The main result of this^ section is Theorem I4.10[ which tells that the elements of 
the braid semigroup W ext defined in Section 13.31 can be represented by isomor- 
phisms between the quantum affine algebras U' d . 

Notation 4.6. For any d and with i ^ j one has 

We fix a square root of all of these four complex numbers, and write 

n,r,d ■= 1 / ^/(-l)^Wv)[(a 1](l , Qj . (i )], 

if (a^d, ctj^d) 7^ 0. In this case one also has r it j. ni> d = r^j-d = rj ti]d . Further, 
let £i t j ; d — (—l) Si i +p ( ai ' d > p ( a i' d >. (As for the symbol 5ij, see the last paragraph in 
Introduction.) 
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Theorem 4.7. The following statements are valid. 

(1) For all d E T> and i E I there exist unique C-algebra isomorphisms 

(4-24) T i4 ,T7 d :U' d ^U' nM 

satisfying Eq.s ffl~25]) -f l4~3il below. 

i i _ j. 

fi Ti,d\K? d ) =T i JK? d ) = K { J d , 

(4.26) 1 iii 



where j E I and j ^ i, 
(4.27) 



T i>d (E i>d ) =(-ifK^) g s F i>ni>d K i>ni>d , 



(4.28) 



(4.29) 



(4.30) 



T i)d (F i4 ) =q 2 K^ ni>d E iini>d , 

T^ d {Ei,d) =q 2 K i, n ^d F i,ni>d, 

T~ d {F lA ) =(-lfK^ g 2 S^tf^, 



where in Eq.s (14.291) . (14. 30p one has j E I with j ^ i and (a iid , aj td ) ^ 0, 

(4.31) T iid (E j>d ) = T~ d (E j4 ) = E jtm>d , T i4 (F j4 ) = T~ d (F j4 ) = F jtm>d 

where j E / with j ^ i and {a^ d , ocj )d ) = 0. 

(2) One has T~ n . >d = {T it d)~ l for all d EV and i E I . 

(3) The isomorphisms T it d satisfy the equations ^ ni >dTi t d = Ti^ d . 

Proof. Parts (2) and (3) of the theorem are obtained easily from the definition 
of T itd , T~ d , and ^ d , and from Lemma 14.41 The uniqueness of T i)d and T~ d are 
obvious, but to check the compatibility of T i)d , T~ d with the defining relations of 
U' d we need again the computer algebra program Mathematica. □ 

Theorem 4.8. For any d ET> the following statements hold. 
(1) If i, j E I, where % ^ j and rrii t j- d = 2, then 

(4.32) T itd Tj !d =Tj jd T i!d , T ijd (Ej !d ) =Ej <d , T itd (Fj^ d ) =Fj jd . 
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(2) Ifi,j G I, where % ^ j and m^j^ = 3, then the following equations hold. 

(4.33) ^,nj?ii>d-^j',riii>d-^i,(i ^j',nin,>d-^i,n,'>d-^j',(i) 

(4.34) Tin^rfTj^Ei^i) E j^mn^di '-T'i^jxfl j',d(-^i,d) ^j,riinj>d- 

Proof. All statements of the theorem follow from Theorem 14.71 the definition of 
the algebras U d , and from Lemma [4.41 □ 

For all d G V and / G /C 4 , see Eq. ( ET2)) . let 2> )d : -> [/} >d denote the 
C-algebra isomorphism satisfying the following equations. 



Tf,d{Ei,d) =Ef(i)jt>d, T f>d (F ijd ) —Ff^j >d , 



Tf, d (a d ) =a M , T f4 (K i4 2 ) =K , 5 



where i G /. 

Definition 4.9. Let .M-p = U^'gpHom (L 7 ^, £/^,)U{0} be a disjoint union of sets, 
where Horn (U d , U' d ,) denotes the set of unital algebra maps from U' d to U' d ,. The 
set A4v admits a unique semigroup structure with the following properties. 



00 = 00 = 0, 



n V2 



>i o 2 if d 2 = d 3 , 
otherwise, 



for all G Mv and all 0i G Horn (6^, t/^,) and 2 G Horn (E7^, C/^J, where 
di, d 2 , d 3 , c? 4 G P. 

Note that the set A4x> \ {0} in the above definition can also be considered as 
the morphisms of a category with objects U' d , where d G P. 
Recall the definition of W ext from Section 13.31 

Theorem 4.10. There exists a unique semigroup homomorphism 

(4.35) T : W ext -> 

swc/i t/iat /or all d ET>, i £ I , and f G /C4 one /ias 

(4.36) T(0) = 0, T(e d ) =id:U' d ^ U' d , T(s i4 ) = T i4 , T(f f , d ) = T f4 . 

Moreover, for all w G W Qxt with w^fl and e d >we d = w for some d, d' G T>, we 
have 



(4.37) T{w){U' d J =U' d , MpM)M for all fi G ZU d , 

a d ) =a d t, T(w) 
(4.39) T{w)^ d =V d ,T(w). 



(4.38) T(w)(a d ) =a d >, T(w)(K Kd ) = Kt^m^d' for all fi G -ZILj, 
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Proof. One has to show that Eq. (14.361) is compatible with the defining relations 
of W ext . This follows from Theorem 14. 81 and the definition of the maps X/^, where 
/ G /C 4 and d G V. □ 

Note that by Eq. (13.261) also the formula 
(4.40) T(w)(lX„Y x ]) = lT(w)(X,),T(w)(Y x )} 

holds for all w G W ext , X M G U' d ^ and Y x G U' dX , where d G V, //, A G 
tt; 7^ 0, and we,i = w. 



5 Root vectors associated to imaginary roots 

The aim of this section is to construct root vectors to the imaginary roots kS d 
for all k G N and d G T>\ {0}. First we will give some technical results on the 
isomorphisms T(u) t v d ), where uj^ d and T are as in Eq. ( 13.211) and Theorem 14.101 

respectively. Then we define root vectors ipi^-d of weight k5 d for each i G / \ {0}, 
d G X> \ {0}, and k EN. Finally we prove that these root vectors commute with 
each other if they belong to the same algebra U' d . 



5.1 Preliminary definition of root vectors to imaginary 
roots 

We start with the calculation of various values of the isomorphisms T{uj^ d ). 

Lemma 5.1. Let d G V \ {0} and i, j £ I \ {0} with i ^ j. 

(1) The following formulas hold. 

n^ 4 m, d ) =E jtd , T{u>l d ){F j4 ) =F jAl T{u>l d ){Kf}) =K±J. 

(2) We have 

T(ul d )({E hd , EiA) =T{ujl d ){{E jid , E t4 j), 

Proof. Part (1) can be checked easily by using Eq. (I4.34p and Theorem 14.101 
(2) If (a ijd , ctj )d ) = then Lemma |5TT1 (2) holds by Formula (14. 141) . Assume 
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now that (a^d, ay,d) 7^ 0. Using Theorem 14 . 1 1 we obtain the following formulas. 

= T^T^iE^) (by Eq. gMl) 

= T w>d T(ul nj>d )(E hnj>d ) (by Eq. (335)) 

= Hhn^d)r{ul n . >d ){E iinj ^ d ) (by Eq. igMl, Lemma 0(1)) 

= T(h> hnjt , d )(E i<njX>d ) (by Lemma Ejjl)) 

= T(u jjn . >d )T j!d Tr n . >d (E i>nj>d ) (by Theorem S2(2)) 

= g^'^'^nj^T^Jd^, F iid ]) (by LemmaEaiand Eq. (JOSD). 

Hence we have the first equation. The second one can be obtained from the first 
one by applying ^/ d and using Eq. (I4.39p . □ 

Recall from Notation 14.61 that for d G T> and {i,j,k,l} = I with p(a.^ d ) = 1 
one has the equation (r iii;d r iiM r iiM )~ 2 = [a;] 9 [-x - l] q . 

Lemma 5.2. Let d G V\ {0} and z, j, fc G {1, 2, 3} swc/i £/iai {i, j, k} = {1, 2, 3}. 

(1) The following formulas hold. 

-[(a ,4, ttMllj -1 !^ [^,4^0,4]] ifd = A, 

ri,o i irij. i r it k.i[E jt i, [E kti , [E iti , F ,i]]] if d = i, 

. O.oy^.iyTj, fcy - [-Ejj , [F fc j , [£y j , F j] 1 1 »/ d = j . 

(2) For a// Z,m G Z we /iave t/te following equations. 

[TffiJiKrfFu), K-jEA = 0, [F M , r^)- 1 ^)] = 0, 

Proof. Part (1) can be proven directly by using (I4.32p . fl4.34p . The first equation 
of part (2) can be proven by using part (1) and I4.2UI The second equation of 
part (2) follows from the first one by applying the algebra map T(o) i v d ) _1 o ty d . 
Let now I, m G Z. One gets 

[T(^J^ M ),T(^)-(X7]F i)d )] 

= WTO^WW, ^feD (by Eq. (jOQD) 

= T(^) m ([T(^ d ) i T(^ d )- m ( J E; M ), i^i^]) (by Theorems Hi), EUD 

= nzM^inati^lKTiVA) Lemma 0(1)) 

= T (c^) m T (Cu^ d ) l ( [E itd , Kj}F hd \ ) (as in the previous steps) 

= nQ^rTiu^q^^KfJil^FjJ) (by LemmaSD 
= (by Eq. ffCT])). 

□ 
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In order to define root vectors for integer multiples of 5d, we now define for all 
i G I \ {0}, k G N, and d G V \ {0} a family | s G Z} of elements of U' d . In 

Proposition 15.61 it will be shown that the cardinality of each of these families is 
one, and their unique elements will be considered as the root vectors associated 
to the pairs (a^d, kSd)- 

Definition 5.3. Recall the definition of K $£d from Eq. (OOjl . For d G V \ {0}, 
i G I\ {0}, k G N, and s G Z let 

(5.i) C^-if^rWI^W^)]) 
=( _i ) ^-(«M^, d ) [r( ^ r( ^ )d))T( ~v dr+fc( ^i Fj)(j)] 

where the last equation follows from Theorem 14.101 Eq. (I3.29p . and Lemma [4.31 
Note that $% d G U'^. 

We will also need the element 
(5-2) := q-^^lEu, K-jF^] = G U' dfi . 

Lemma 5.4. Let d eV\ {0}, i,j G I \ {0} ; fcGN, and s G Z. T/ien we /wye 

rKJ(^»j = f|f 1) = * 

Proof. The statement in the case % = j follows from the definition of ^ < f\. d - If 
i 7^ j then one obtains the claim by Eq. (13.231) and Lemma [5.1( 1). □ 

Lemma 5.5. Let d G T> \ {0} and i, j G I \ {0}. Then for all k G N £/ie following 
equations hold. 

In particular, one has the formulas 

= e M';d[K^ ai,d)]? 7 '(^d)~ 1 ( s i,«j) 5 
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Proof. Assume first that i = j. By Eq. (15. ip . Lemma [5.2( 2). and Lemma [4.31 we 
have the following. 



= f—-l\ k + 1 q~{ a i,d> a i,d) (^ — \y{ a i,d) + l q( a i,d' a i,d) 



U {l ' k) K~ l F j 



(-l)V ( *^[[T(w^ 
ei ^ g -(« ! , d ,«M)[^ d) r(^^J(^^, d )] (?2(a! , d , a8 , d ). 



Assume now that i ^ j. First notice that because of Lemmata 15.21 and 15.11 we 
have the following. 



(-l)T 



l) k+1 q 

•i) fc+ Y 

-l) k+1 q 
-l) k +\- 
-l) k+1 q 
l) k+1 q 



lE^\T{ul d )-\E t4 ),T{ 



i,d 



(K-}F hd ) 



Oi,d,«i,d) I 



in^, d rm, d ,E hd j),T( 



~,V \k-l 



w - d) {r{ul d )-\{E l4l E j4 j), T{ul d ) k -\K-}F l4 ) 

,d,ai,d)^_]_^p(ai,d)p(^,d)g(aj,d,«i,d) 



HE i>d , T(^, d ) k -\K^F iid )l T(u;Z d )-\E j>d )] 



-2(a jd ,a id ) 



j,dJ ( E j,d)] q - 2 ^.d^j,d)- 



The remaining equation can be proved similarly. 



□ 



5.2 Definition of type one imaginary root vectors 

The main result of this subsection is the following statement. 

Proposition 5.6. Let deV\ {0}. 

(1) One has = ij>$. d for all i e I \ {0}, keN, and s E Z. 

(2) One has [^ (0 fc ) . d , $^. d ] = for all i, j el\ {0} and k,reN. 
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Definition 5.7. Let ip i>k;d := for alH E I \ {0}, k E N, and d E V\ {0}. 
For A; G -N and % E I \ {0}, d E V \ {0} set := * 'd{^i-k;d) ■ The elements 

^i,fc;d £ , where k E Z \ {0}, are called fa/pe one imaginary root vectors. 

In order to prove the above proposition we need a technical lemma. We use 
the notation {k; c} := Y.)ll c 2j ~ k+1 for all k E N and c E C. 

Lemma 5.8. Let d E V, and let e,rj E {1,-1} C C, a, b, c E C \ {0}, and 

m,n E N with m < n. Let (X u ) < u < n , (Y u ) < u < n , (Z+) v& , and {Z~) v& be 
families of ZUd-homogeneous elements of U' d , with the following properties. 

1. The parity of the IXi^-degree of X u is even for all u E {0,1, ... ,n}. 

2. The families {X u ) < u < n , (Y u ) < u < n , (Z+) veZ , and {Z~) v& satisfy the fol- 
lowing equations. 

(5.3) 

[X u , Z±\ =e(c ±1 X u _ l Z% l - c^Z% x X u ^) ifl<u<m,vEZ, 
Y =oZqZ — bZ Zq , 

Y u =r] u (aZ+Z; - bZr Z+) if\<u<n-\, 
Y u ^(aZl.Z-^ - bZ- u _ x Zt x ) if\<u<n-\, 
Y n ^{aZ + _ 1 Z-_ 1 -bZ-_ x Z + _ 1 ). 

3. One has [X ,Y n ] = 0. 

Then for all u with 2 < u < m we have 

(5.4) [X u ,Y n ^ u ] = ^-'{u-cWX^ y n _!]. 
Moreover if there exists r E C such that the equations 

(5.5) [X u Z+\ =rZt Xi [X u Z'_ x \ = - rZ~ 
hold, then one also has 

(5.6) rY n - V [X U Y n ^] = rr, n (aZ+Z; - bZ~Z+). 

Proof. The strategy of the proof of the first part of the lemma is the following. 
First we prove that 

(5.7) [X u , Y n _ u ] = rje(c + c _1 )[X tt _i, Y n _ u+1 ] - [X u _ 2 , Y n _ u+2 ] 
for all u E {2, . . . , m). Then assumption 3 implies that 

[X 2 ,Y n _ 2 ] =r ] e(c + c' 1 )[X 1 , Y n _ ± ], 
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and induction on u using (15.71) implies Eq. (15.41) . 

Now we prove Eq. (15 .7p . Using (15. 3p and Jacobi identity for [, ] one obtains 
for all it e {2, ... , m} the following. 



[X u ,Y n . u ] = [X u , V n - u aZ+Z^ u - V n ~ u bZ-_ u Z+] 

= rr- u a\e{cX u _ v Zt x - c^Z+.X^Z^ 

+ z o e ( c lx u-iZ n _ u+1 - cZ„_ u+1 X u _i) j 

- rf^b{e{c~ l X u _ x Z-_ u+l - cZ-_ u+1 X u ^)Z+ 

+ Z-_ u e(cX u ^Z^ - C -^+ X u _!)}. 

We calculate the first four summands of the last expression separately by using 
Eq.s (ED. 

rT- u tacX u . x ZUZ-_ u = v ^eacX u ^%^ + 

= rjecX^xY^+x + r] n - u ebc{Z-_ u X u ^ + ec" 1 X u _ 2 ^_ u+ i - ecZ-_ u+1 X u _ 2 )Z+ v 
-^eac-'Z^X^Z-^ 

= -rf l ~ u tac' x Zt x {Z-_ u X u ^ + ec _1 X U _ 2 Z~_ U+1 - ecZ~_ u+1 X u ^ 2 ) 

— rw((^ + ^ M )Av, 

+ ec 1 Z-iX u -2Z n _ u+1 — ecZ^iZ n _ u+l X u ^2 j , 

V n - u eac- l Z+X u ^Z-_ u+1 

= r j n - u eac- 1 (X u _ 1 Z+ - ecX^Z^ + ec^Z^ X U ^)Z~_ U+1 , 
= rj^eac-'X^Z+Z-^ + rj^ac^Z^X^Z'^ 

- V n ^eacZ+Z-_ u+1 X u ^ = - V ec(Y n . u+1 + rj^^bZ^Z^X^ 

= -r]ecY n _ u+1 X u _ 1 + r] n ' u tbcZ^_ uArl {-X u _ x Z^ + tcX u _ 2 Zt x - ec~ x Z± X X U _ 2 ) . 

Comparison of the latter formulas gives that 

_X U , Y n — U ^ 

+ V n - u aZ^Z-_ u+1 X u ^ 2 + r ] n ~ u eac- i X u -\Z Z n _ u+1 — X u _ 2 Y n _ u+2 
- V ecY n _ u+1 X u ^ - ^bZ-^Z^X,^ - V n - u ebc- l X u _ 1 Z-_ u+1 Z+ 

= T] ec [ X u-l, Yn-u+l] - V^Yn-u+lXu-! 

+ Yn-u+2X u - 2 + r/ec X u -{Y n ^ u+ i — X u ^ 2 Y n - u+2 
= r]t(c + c _1 )[X u _i, Y n _ u+1 ] - [X u _ 2 , Y n _ u+2 \. 
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This proves Eq. (15.71) . 

Now we prove Eq. (15. 6p . We have 

rY n ^rrf-aZ^Z-^ - rrfbZ'^Z^ 

=rfa{X x Z+ - Z+X l )Z-_ 1 - v n bZ^ x [X x , Z+] 

= V X x (Y n „ x + V n - 1 bZ-_ 1 Z+) - V n aZ+(Z^_ x X x - rZ~) - V n bZ~_ x [X x , Z+] 
= V X l Y n ^ 1 + rj n b[X x , Z~_ X \Z+ + ^arZ+Z' - r) n (aZ+Z^_ x - bZ~_ x Zt)X x 
=i]X x Y n _ x - v n brZ-Z+ + v n arZ+Z~ - r}Y n _ x X x , 

which gives (15. 6ft . □ 

Proof of Proposition 15.61 We prove both parts of the proposition simultaneously 
by induction on k + r, where r = in part (1). Let n G N and assume that we 
have proved (1) for all k G M with k < n and (2) for all k, r G N with k + r < n. 

First we assume that i ^ j. We want to apply Lemma 15.81 with m = n and 
the following setting. 



a : =g-K^,d) ; b 



-1, r •.=6i :j;d [(a i: d, 0ij4)] q , 

4% (0<u<n-l), Y n :=^ 



d- 



X u :=^ d (0<u<n), Y u 

zt ■= T{Cbl d y{E j4 \ Z~ := T{ui d y{K-lF j4 \ 

for all «GZ. Note that the first formula in Eq. (15.31) holds by Lemmata 15.1( 1). 
15.41 and 15.51 and by the induction hypothesis for part (1). The fourth line in 
(15. 3p can be shown by applying T(ujJ^ d ) to the definition of ijfl. d and using the 
induction hypothesis for part (1). All other formulas in (15. 3p hold essentially by 
the definition of Y u . Eq.s (I5.5P follow essentially from Lemmata 15.1( 1). 15.41 and 
15.51 Eq. (15 .2p implies assumption 3. Thus Lemma [5.81 gives that 

(5-8) = (-^; d ) U ~H«;? Kd ^ ) }[^,^ti ; J, 

for 2 < u < n. Let u = n in the last formula. Then from the definition of ^Q. d 
one gets 

Therefore the assumption in (14.11) implies that 
(5-9) [^iUC-iJ=0- 

This with Eq. (15 .8p gives part (2) of the proposition for i ^ j and k + r = n. In 
order to prove part (1) of the proposition, assume that i ^ j and (a^a, aj jd ) ^ 0. 
The second part of Lemma 15.81 gives that 



(5.10) 
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and hence part (1) of the proposition follows from (15.91) and Lemma T5.4I together 
with assumption (14. ip and relation [(a it d, ®j,d)} q 7^ 0. 

Second we assume that % = j. We can apply the same argument as above, 
together with the equation 

for 1 < k < n, since part (1) with k <n has already been proved (cf. Lemma l5T4"l) . 
Then one has the same equations as in (I5.8p - (I5.9I) with j = i. As a result one 
gets part (2) for i — j. □ 



5.3 Definition of type two imaginary root vectors 

We start with the definition. 

Definition 5.9. Let rfeD and z a formal parameter. The coefficients h^-d £ 
U' , f of the formal power series 

X ^ X 

(5.11) J2 hk-,dZ k := — — — — log (l + J^il - <T 1 )VV;^ r ) 

k=l 1 $ r=l 

together with the elements hi-k-d '■= d(hi,k;d) , where k G N, are called type 
two imaginary root vectors. 

Note that the above definition is equivalent to the more common formulas 

oo oo 

exp ((q - q~ x ) ^ hi,k;dZ k ) =1 + ~~ (f X )^i,v,d z ' "> 

k=l r=l 



oo oo 

~~ r 



exp ( - (q - q X ) ^ hi_ k . d z k ^j =1 + ^(q - q l )ip it _ r . d z 

k=l r=l 

In order to determine commutation relations between root vectors to real 
roots and type two imaginary root vectors, we need two technical lemmata. The 
first of them is standard in a more general setting. 

Lemma 5.10. Let d G V and e G C, c 6 C \ {0}. Let (X u ) uG n an d (Z v ) vE % be 
families of Hld-homogeneous elements ofU' d such that the parities of the degrees 
of the elements X u are even for all u G N. Then the three conditions (i), (ii) and 
(iii) below are equivalent. 
(i) For all u > 2 one has 

[X u , Z v ) = e(cX u _iZ 1 ,_i — c 1 Z v -iX u ^i). 
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(ii) For all u> 1 one has 
[X u , Z v ] = (ecr^iX,, Z v _ u+1 ] + e(c - c" 1 ) ^(^T' 1 ^ Z v-u+ r X r 

(iii) For all u>\ one has 
[X u , Z v \ = {tc~ l ) u - l [X u Z v „ u+1 ] + e(c - cT 1 ) ^(ec' 1 )"- 1 '^^^^.. 



r=l 



m-1 



r=l 



Lemma 5.11. Lei d ET>, and let e G {1, —1} C C, and c G C\{0}. Let (X u ) ue ^ ; 
(Z+) 1 , eZ and (Z~) v( zi be families of ZU d -homogeneous elements of U' d , with the 
following properties. 

1. The parity of the Hid- degree of X u is even for all u G N. 

2. For all u, u' G N one has [X u , X u >] = 0. 

3. The families (X u ) ugN , (Z+)„ 6 z, and (Z~) veZ satisfy the following equations. 

iX u ,Z±]=e(c ±1 X u ^Z± Tl -cT 1 Z± Tl X u ^ 1 ) forallueN,veZ, 
1 ' ' [X u Z+] =rZ+_ x , [Xu Z~\ = -rZ~ +l for all v G Z. 

Let b G C \ {0} such that rb = e(c — c _1 ). For all u G N define C u G U' d by the 
following generating function in z. 

oo oo 

(5.13) exp (b £uz u ) =l + bJ2 X u z u . 

u=l u=l 

Then for all u G N and v G Z we have 



(5-14) [£u,Z±}=e u - Z% u . 



0±.u C T U 

ub 



Proof. We proceed by induction on u. For u = 1 one has L\ = Xi, and hence 
the second line in (15.121) together with the definition of b implies the claim. 

Let nGN and assume that Eq. (15. 14|) holds for u < n. Let C(z) = Ylu°=i £-v,z u 
and Z ± {y) = J2T=-oo Z tv V i where y is a formal parameter, and let 

V(y) :=[C n ,Z ± (y)}-e n C y ±n Z ± (y) 



30 



In the remainder of this proof we treat equations in the algebra 
We have the following: 



„±u =pu „±u „=p" 

, is is „4- *s Is 



V= — OD 

for all u G N with u < n by induction hypothesis, and hence 

00 r ±u _ =f« 

\bC{z) 1 Z ± {y)} =bV(y)z n + £e« y ±u z u Z ± (y). 



u 



This gives 

{expbC(z))Z ± {y){expbC{z))~ 1 = exp(ad b£(z))(Z ± (y)) 
= Z±(y) + bV(y)z n + £ e" y^s^y) 

u=l 



^ = 2 ' li=l 

OO 

6P(y)2» + exp (£ -((e^V 1 ^ - (ec^y^)"))-^) 

«=i 

6P(y)^ n + exp ( - log(l - ec^y^z) + log(l - ec Tl y ±1 z))Z ± (y) 

00 

6P(y)^ n + (1 - ec^y^z) ^(ec ±1 y ±1 z)^ ± (?/) 

00 

W>(y)z» + Z±(y) + (1 - c^ 2 ) E(ec ±1 y ±1 )^^ ± (y). 



Next we compute [exp bC(z), Z ± (y)] in two different ways. By Lemma 15.101 
we obtain that 



00 00 

[x u ,z±(y)}= £ [* U ,^V = £ ((ec ±1 )"- 1 [x 1 ,z± (u _ 

D = — OO «= — OO 



m=l 



and using the second line in Equation (I5.12p we get 



[X u ,Z ± (y)}=±r(ec ±1 r- 1 y ±u Z ± (y) 

u-l 

+ e(c ±1 - c^ 1 ) £(ec ±1 ) u - 1 - m y ±( "- m) Z ± ( 2 /)X, ) 



m=l 
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Thus we have 

oo 

[ex P 6£(^),Z ± (y)] = bY,\Xu,Z ± {y)]z u 

u=l 

oo 

= ±br^2(ec ±l ) u - 1 y ±u z u Z ± (y) 

u=l 

oo u— 1 

+ fee ( c ±l _ C T1) ^ ^ (ec ±l )U -l-m y ±(u-m)^ Z ± (y)Xm) 



«=1 m=l 

and also 



[expbC{z),Z ± {y)} = {expbC{z))Z ± {y){expbC{z))- 1 expbC(z) - Z ± (y) expbC(z) 

oo 

= (bV(y)z n + Z ± (y) + (1 - c^ 2 ) ^(e^V 1 )^^)) expbC(z) 

v=l 

— Z ± (y) expbC(z) 

oo oo 

= bV(y)z n + (1 - c^ 2 ) ^(ec ±1 2/ ±1 )^Z ± (y)(l + 6^Tx u ^) 



Comparison of the two expressions for [exp bC(z), Z ± (y)} using the formula ±br = 
e(c ±1 —c ¥l ) gives that bV(y)z n = 0, and hence V(y) = 0. This gives the statement 
of the lemma. □ 

Next we calculate commutation relations between root vectors to real roots 
and type two imaginary root vectors. Let 



(5.15) S(k) 



denote the Heaviside function. 



if k < 0, 

1 if k > 0, 



Lemma 5.12. LetdeV\ {0}. 

(1) For all i,j e I \ {0} and k G Z \ {0}, m G Z one /ias 

lfti,fc;d, ^ l^j,dJ l-Cy,dj] - %j-d J, K S d . d 1 \ U j,d) {^j,d), 

\h T(,~^ \ m (T? W — c k ^( a i4> a j,d)]g is@( k ) k n-f,~y yrn+k/jp \ 

[h iMd ,l[u jd ) {t , j4)\--e iJ . d K~ dd T{u jjd ) 

(2) For all i,j G I \ {0} and k, I G Z \ {0} one has 

\h( w K k - K~ k 

rZ Z If I i\fcJfc l K { a i,d> a j,d)\q S d ;d 8 d ;d 

[rii,k;d, rij,i;d\ - d k ,-i{-i-) %j- d 7 — — i — 

k q — q 
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Proof. Part (1) follows immediately from Lemmata 15.41 15. 5[ 15.111 and Proposi- 
tion [52J 

To part (2). If k > I > or k < I < 0, then the equation \hi^- d , hj,i;d] = 
holds by Preposition 15.6( 2). Assume now that k > > I and let m = —I. By 
Definitions 15.71 15T31 and Preposition 15.6( 1). we have for all s G Z the equation 



l)^^[T(^) s (F,,,),T(^) s+m (^)]. 
position [5l 

k{a i>d , a j>d ] 



By part (1) of the lemma and by Proposition 15.6( 1) we have 
(-l) m+p( - a ^K l Sd . d K j;d e 

[-4 d; , T (^) fc (^)' r (^) m (^)] + [ F ^n*id) m - h {E j>d )\} 

if m < k, 



[k(ai td , a j)d )] 



&d\d 



'-{ 





(-1) 
(-1) 



r; i w K- — K~ k 

k+lk M a i,d> a 3,d)k 5 d ;d ^ 5 d ;d 



~'i,r,d~ 



k 



T-l 



k+l k lH a i,di a 3,d)]q ( K k 

^d k y^taid "S d ;d 



q-q- 



if m = k, 
" ' ■ ■ • if m > k. 



k—m\d 



Then part (2) of the lemma can be shown along the lines of the last part of the 
proof of Lemma 15.111 □ 

The commutation relations in the following two lemmata will also be needed 
in the last section. 

Lemma 5.13. Let d £ T>\ {0} and i,j G I \ {0}. For all k, I £ Z ; one has 

in^,d)\E i4 l T^l d )\E hd )\ = (-1)^ [ntijJ+\E j4 ), T{u>l d ) k -\E i4 )l 

Proof. First, treat the first equation. If z ^ j then the statement follows from 
Lemma I5TTI Theorem 14 .10[ and Theorem l3.5( l). Assume now that % = j. Without 
loss of generality, by Lemma IBTlT l). Theorem 14. 101 and Theorem 13.5( 1). let k > 1 
and 1 = 0. If k = 1 then the statement of the lemma follows from Lemma I5T2T 2). 
Let / G / \ {0} be such that (a^, cni,d) 0- We proceed by induction on k. By 
Lemma [5. 12( 1) one has 







£i,l;d 



[(a i;d , «z,d)] ? 



K\ :,//'/. :,/• {T(ul d ) k (E hd ),E hd } 



.d) 



+in^ d m, d ),n^ d ) k -\E, l 

lT(Col d ) k+1 (E hd ), E hd j + TiulMn^dT- 1 ^), E hd 



~.V N/tti \ Tlr.y \k-2(jp \J\ i XT (r.v \( T? \ TV,~,V 



as desired. The second equation is obtained from the first one by applying ty d . □ 
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Lemma 5.14. LetdeV\ {0} and i,j e I\ {0}. 

(1) If d £ {1, 2, 3} and % ^ d, then for all k, r, I £ Z ; one nas 

[T(^ d ) fc (F M ), [T(^ d r(F M ), r^'c^, ,)]]+ 

{T{"t d ) r {Ei, d ), in^ d nE hd ),T(Col d ) l (E j4 )ll = 0, 
[T(u>y fc (F M ), [T{Qltf (F, d ), T(^)<(F ijd )]]+ 
[^(^) r (F M ), [r(^) fe (F )d ),T(^)'(F i>d )]] = 0. 

(2) // (atj^, a^d) = ; i/ien /or all k £ Z, one /ias 

[T(^%),T(flJ J ) , (£ jii )] = ) 

[r(^) fe (F M ),r(^)'(F ijd )] = o. 

(3) If d = A, then for all k, r, I £ Z ; one /ias 

K«m. «m)UW/(£ m ), r(^)^(F 2 , 4 )], r^y (f 3)4 )]+ 

[(a lf4) a 2 , 4 )] jT(^ 4 ) r (F M ), T(^ 4 ) fe (F 3 , 4 )], T(^ 4 )'(F 2i4 )] = 0, 
[(a M , a 3 ,4)] 9 [[rK, 4 ) fc (F li4 ), T(^ 4 r(F 2 , 4 )], T(d;3 V i4 )'(F3, 4 )l+ 
[(a lf4) a 2 , 4 )] g [[T(^ 4 ) r (F li4 ), T(^ 4 ) fc (F 3 , 4 )], T(cD 2 V i4 )'(F 2 , 4 )] = 0. 

Proof. These equations are obtained from the equations X = in U' d , where X are 
the elements having the same expressions as those in (I4.13I) - (I4.18I) . by applying 
^(^u,d) m and the C-linear map ad h u , m - d defined by ad h u>m . d (Y) = [h u>m . d , Y] and 
using Lemma [5.1( 1). Theorem 14.101 and Theorem 13.5( 1). □ 

6 Second realization of the quantum affine su- 
peralgebras 

6.1 Main theorem for U' d 

Here for each d £ T> \ {0} = {1,2, 3, 4}, we introduce Drinfeld second realization 
associated with D^(2, 1; x) and prove that it is isomorphic to U' d as a C-algebra. 
We first give a modified version of the Drinfeld second realization of U' d . Then 
via the version we give the Drinfeld second realization of U' d . 

Definition 6.1. Let d £ V \ {0} = {1, 2, 3, 4}. Let DU' d = 0^ GZr i d DU d,» be the 
Zn^-graded C-algebra generated by the elements 

(6-1) o- d , K? d , K7J g DU' dj0 , (i £ /) 

(6-2) x^ d eDU' d±aid+kSd ,(iel\{0},keZ) 

(6.3) ^ r . dl h hr , d £ DU' d y Sd , (iel\ {0}, r £ Z \ {0}) 
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and denned by the relations below, where the elements and Kg , d are defined 
as in Eq. fHTOl . 



(6.4) 
(6.5) 



n 2 — 1 K 2 K 2 — K 2 K 2 — 1 
XY = YX for all X, Y in Eq. flFTT]) 



(6.6) OTrfXa, = (-1) P ^X, K? d XKj = q^^X for all X G DZ7^, /i G Zlbj, 

'0 ifi^j, 

if i = j and k + / > 0, 



(6.7) 



^ . d Ki,d^i,k+l;d 



T-l 



ii i = j and /c + / = 0, 
if i = j and A; + / < 0, 



(6.8) exp ( ± (q - q' 1 ) z k h ij±k -dj = 1 + (q - q' 1 ) J2 zk ^,±k;a 



k>0 



k>0 



(as equations of generating functions in z) 



(6.9) 
(6.10) 

(6.11) 



[hi t k;d, hj,l;d] — fik-l 
[hi,k;d, X %-d\ = 



[fc(aj,d, aj,d)] q K l d] d K Cd 
k q — q^ 1 

[k(g iid , aj,d)}q _e(Tfc)fc^± 



T{ » 1 -'-7— 1 



if (oi.d, oij,d) = 0, 



^tw x ik±i;dl if {1,2, 3}, 



^ X j,l^l;Ai X i,k±l;il 



if d = 4 



(6.12) [x± ;d , [x± . d , x%J] + [xf Md , [x%. d , x% Jj = if d G {1, 2, 3} and i ^ d, 
(6.13) 

[(a;!^,^)]^^^,^;^'^^! - [{ a i^ a ^A)\qll x ir^ x ik^ x ti-A = if d = 4. 

Note that if i G I \ {0} then in DU' d , one has \x i k . d , x. = for all 

,t if z G I \ {0} 
for all k G Z. 



G 2. Note that if z G / \ {0} and p(a ii( i) = 1 then in -D£7 d , one has (xf k . d ) 2 



2 \ X i,k\di X i,k;d. 



Proposition 6.2. Lei d <E V\ {0}. T/ien i/iere exzsfo a unique C-algebra homo- 
morphism 



(6.14) 



^ : DU' -> m 
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such that for all u G / , i G / \ {0} ; k G Z, and r G Z \ {0}, one /ias 



(6.i5) M<rd) = *d, ?AKJ) = K^ 



±1 ±i 

u,d ' 



(6.16) ;d ) = (-e M;d ) fc r(^ d )^(^ 

(6-17) ^(x" fc;d ) = {-e hl , d ) k T{ul d )\F l4 \ 

(6-18) Fd{hi,r;d) = 4,i;d h i,r;d, Fd{^i,r;d) = ^i,i-d^i,r;d- 

Proof. This follows immediately from Definitions 15.31 15. 7\ \5.9\ Proposition 15. 6[ 
and Lemmata l5~12l l5~13l and I57H1 □ 

Let d G T> \ {0}. Define D^ d to be the automorphism of DU' d such that 

DM*d) = a* DMKl) = Kl m d{xf Md ) = ( T iy^xf^ d , •, ,,,/) = 

ipi-r;d, and D^> d {h i)r . d ) = -hi- r . d . Note that 

(6.19) F d D^ d = ^ d F d . 
Define the two elements X^ G DU' d ±aQ by 

f -r d j. d r djk . d r dfi . d K^ d [[[a;| ±1 . d , a£ . J , z£ . J , x| . J 

(6.20) 3^=< if d G {1,2,3}, where {j, fc, d} = {1,2,3} and j < k, 

(MiaiAi^A^K^lllxl^.^xlo^xlo.J, if d = 4. 

Lemma 6.3. Lei d E T>\ {0}. One /ias jF d (X d ) = E 0td and jF d (X d ) = Fo^. 
Proof. Assume that d — 4. By Lemma 14.31 for all i, j E I = {0, 1, 2, 3} and all 



Y x G U' i>x , one has [^,4,-^,4-^4] = S v^z^r, and 
(6.21) 

n^,^],^^ 1 ] = [E i)A , \Yx,F jA K£\] +5 ij (-lfW p ^[(\,a iA )} q Y x . 
Note that for G ^ and Y x G A , one has 

(6.22) [XpK^, Y x K XA j = q^^lX,, Y X ]K, +XA . 
By Eq.s (j5^5|) . flg^j) and fTQgj) . one has 

(6.23) T(cD 1 v >4 )(K M 1 ) = K 0A K 2A K 3A . 
Then one has 

AT 4 [[ - T(w, v J (Fx 4 ) , F 2 J , F 3 J 
^ 4 (X 4 + ) = ^M 1 MA M ' 2Ah 3 ' 41 (by Eq.s (EHD and (D}) 

[(«1,4, a2,4jjg 

= -[(«i, 4 , a 2A )]fllT(Ql,)(F li4 K^), F 2A K^IF, A K^\ 

(by Eq.s (KT221) . fl6^3l) . and (Q)l ) 

[|[F 3 ,4, [F 2 ,4, F , 4 ]1, ^,4^:11, Fa^j] 
— ft tttt yj l D Y i^emmaio^ijj 

= -[(«i,4, aM)]- 1 !^, ^0,4], F 3A K 3 }j (by Eq. flS2U)) 
= F 0i4 (by Eq. 
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Thus one has ^(Xj ) = Eq^. By this and Eq. (16.191) . one obtains 

J- 4 (X 4 ) = F 4 (-DV d (X+)) = -* d (^ 4 (X+)) = -V d (E 0>A ) = F 0A , 
as desired. 

The lemma for d E {1, 2, 3} can be proven in an entirely similar way. □ 

For i E I \ {0} and d E V \ {0}, let zf Md := x^K^Kj^. 
To prove the existence of the inverse of J 7 , we need the following lemma, which 
is similar to Lemma 14.31 

Lemma 6.4. Let fi, A, £ E ZILj, i,jEl \ {0}, and k,r E Z, and let X^ E DU' d , 
Y x E DU' d x , and Z 5 E DU' dC 

(1) One has 

(6.24) [X„ K x , d Y x j = q-^K x , d [X^ Y x ], [K^X„ Y x ] = K^X,, Y x ], 

(6.25) = [X„ \Y X ,ZS + (-l)^)g-^)[[X„^],F A ] 9( ^-,), 

(6.26) \X„ \Y X , Z c ]] = {{X,, Y x ~l , Z{J + (-l^V^fe {X„ Z ? ]] ?M . 

Further, one has 

(6-27) [F A , z7_ fc; J] = J[x+ M , ft], j^j - M-l) pKdMA) [(«M, A)] fl ft 

(6-28) [z± M , 4. J = ff K-^ [ X ± M , x ± j^^*^ 

(6-29) z" J = [x+ M> .r,^,^,,,/^.,;/^;; 

g -(oi,d,«j,d) ' 5 * d _ q _[' s *' d if i=j and r = -k, 
^ ifi^j. 

(2) If p(X) = 1 and (A, A) = 0, then one has 

(6.30) [[X^ft],ft] = [ft,[ft,Xj = zfY x 2 = 0, 

(6.31) [X M ,ftf = ifYl = 0, [X MJ [X^,ft]] = 0, and g<*"> + ^ 0, 

(6.32) [ft,X M f = z/ft 2 = 0, [[ft,X M J,X M ] = 0, and qM + (_i)p(m) ^ . 

(3) If (/i, A) + (A, £) + (£, ji) = and = p(A) = = 1, taen one nas 

[(//, oyp^, ft], - [(/x, A)] g [[x M) z { ], ft] 
= [( / i,0]< ? (x M r A z c - z{Y x x^) + [(A,/i)] 9 (F A z € x M - x M z 5 ft) 
+ [(£,A)] g (z 5 x M ft-ftx M z ? ) 

= -[(//, £)] ? [Z 6 [ft,Xj + [(//, A)] g [ft, [z^xj. 
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(4) LetX^^ G DU'i andY^x e DU' d _ x . Assume that [X M ,X_ 



\Y\,Y- X ] = K ^: q K i X ' d , and [X ±fl ,Y TX ] = 0. Then one has 



[[X M ,F A ],[X_„yi A ]] = (-l)^)g-^)[(A,/i)] g ^±^ 



g-g 1 

where K^. d and K X; d are defined as in (14. 9p . 

Proof. One needs only the definition of g-super-bracket and Eq. (16. 7p . □ 

We also need the following lemma. 

Lemma 6.5. Let {d, i,j} = {1, 2, 3} and l,r,m G Z. Let Y]* 1 and be the ele- 
mentsofDU' d defined byYf := [[z%^ zf^ r J, z% Tm . d \ andY± := [Y± a*^. J 

(1) One has the following: 

(6-33) ( z d,l;d) = 0' \- Z j,r\di Z k,m;dl = l z k,m;d> Z j,r;d] = 0> 

( 6 - 34 ) l Z d,l;d> Z 7,rJ = -[*j>+lid> Z d,l-1;A> ii Z d,kdi Z k,mJ, Z k,mJ = ' 

(6.35) Y^ = Hz d)l;d , z^ m J,zJ tr .J, {{z- r . d , z dd . d ], z dl . d \ = 0, 

( 6 - 36 ) i z J,r;di Z d,l;df = °> l Z d,l;d> Z j,r;df = °> 

(6.37) [Yr,^ r; J = , [Yr, % - m; J=0, (Yr) 2 = 0, [Yr,Y 2 ]=0, 

(6.38) Y 1 = — [[% )m+1;d , z d,l-l;d\l Z j,r;dl = ~\ Z k,rn+l;dA Z d,l-l;di Z j,r;d\\i 

(6-39) [Y2,x" r;d ] = 0, [Y 2 -,x^ m;d ] = 0. 

(2) One has 

(6.40) [*J_i+H* Yr] = 0, Y 2 ] = -[(a j>d + a M , a d4 )] q Y^, 

(6.41) [[<_ m;d , Y 2 -], Y 2 "] = 0, [4_ r;d ,Y 2 i = 0, {xl_ m . d , Y-] = 0. 

(3) If I = 1 and r = m = taen one /ias 

(6.42) [YJ,YJ] = [(ad,d,«i,d)]g[(« t j,d,«fc,d)]g[(«d,d,«o !t j)]g • 

Proo/. To Part (1): Eq.s (03]) . fICTp hold just by fl6TTB - fl6TT2l and f[6T?gj) . Each 
equation in (I6.35p - fl6.38p follows from the ones in (I6.33I) - (I6.38I) before it and 
Lemma [6. 4( 1). (2). One obtains the first equation in (16.391) in the following way. 

[Y 2 ~, ^J,r;dKl K Ld = I Y 2 > z J,rJ (by the equation [K^K^, Y 2 ] = 0) 
= [[Yr, z d,i-i-dl z J,r;d\ ( b y the definition of Yj) 

= I Y r> [^{-i;d» ^> ; J1 (W E( l- and the first equation in (JOZD) 

= -IlV+y Ki-l;d> Z j~r;JL ^>;J1 ( b Y Using 

= (by the second equation in (16.361) and by using (I6.30p ). 
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Similarly one has the second equation in (16.391) . 

To Part (2): Applying Eq. (I6.27P twice, one has the first equation in (16.401) by 
using the first one in (16.381) and the second one in ( 16.331) . Similarly, the second 
equation in (16.401) holds by the first one in (I6.40p . The first equation in ( 16.411) 
follows from the second one in (16.401) and the fourth one in (16.371) . As for the 
second equation in (16.411) . one has 

(by using (I6.27|) and the first equation in (I6.38P ) 
= (by the second equation in ( 16.351) ). 

Similarly one has the third equation in (I6.41H . 

To Part (3): Using the second equation in (I6.24[) and applying D^/ d to the 
first one in (16.401) one has [z^_ l+1 . d , Y^] = 0. Then applying Lemma 16.41 (4) and 
Eq. (I6T29|) repeatedly one obtains ([622]) . □ 

We first give a modified version of the Drinfeld second realization of U' d . 

Theorem 6.6. For each d G T>\ {0} the map T d '■ DU' d — > U' d is a ZU d -graded 
C-algebra isomorphism. 

Proof. We show the existence of the inverse map T d x directly. 

Assume that d G {1,2,3}, {d, j, k} = {1,2,3}, and j < k. Let = 
-(^,i;^d,fc;^d,o ; d) _1 Xj. One has 

(6.43) X+ = Z~ J,Zk,0;dl Z d,oJ = Ill^ljd, Z k,0;dl Z J,0;dl Z d,0;dl 

where we used the first part of (16.351) for the second equation. By the first 
equation in (I6.43j) and Lemmas 16.4( 1). 1631 (1). (2). one has 

I[<0;d.4o;J. Ko;d^ + dll = Ko ; ^+]]] 

(by Eq.s (16T25D . (16301) and the equation (x+ M ) 2 = 0) 
= [{a d ,d, Oi ,d)) q lxl . d , {x+ . d , l{z dtl . d , z- Q . d ], ^ .J]1 

(6.44) (by the second equation in Eq.s (I6.40p ) 

= -[{a dtd , a 04 )) g {x+ . d , [xf . d , z dt0 . d ], zT . d j]] 

(by the first equation in (I6.38P ) 
= -[(arf,rf,Q!o, ( i)] 9 [(Q;rf,rf,a iid )] ? [(a did ,Q! M )] ? ^ 1 . rf (by using (|6.27p). 

By Eq.s (IBTTTD . (IBT2TP one has 

(6.45) {{x d - fi . d ,x+ . d ],z- 1 . d ] = - {{xl_ 1 . d ,x+ l J,z^ l .J = -[(a d4 ,a k>d )} q x+ tl . d , 
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By the second equation in (16.431) . using the same argument as above, one also 
has the equations obtained from (I6.44p . (16.451) by changing j and k. Hence one 
conclude that the following equation holds: 

[((Xd,d, ®j,d)}Al X Xo;di X kfiJ, ll X d,0;d, X j,0;d\> l X d,0;d> ^d HI 

(6-46) = [(ad,d,ao,,i)]J(ad,d,aj,d)]J[(ad,d,afc,d)]5^i ;d , 

= [{<Xd4,<Xk,d)]qllxX . d ,X-f iQ . d l, [[xJ 0;d ,X+ 0; J, [xJ 0;d ,Xj]]]. 

By (16.461) and Lemma [6.4( 3). one obtains 

(6 47) ^ ad4 + a ° 4 ' aj ' d + ad4 ^ q ^- X ^ dl ^t°s«*' x toJl l X d,0;d> X j,0-Jl 

= l(a d ,d + ao,d' a k,d + ad,d)} q lli x d,0;d, X dl l X d,0;d' X j,0;dll l X d,0;di X k,0; Jl 

1 1 

Denote by (U' d ) cl the C-subalgebra of U' d generated by the elements a d , K x d 
(/ G /) and E r>d , F r d (r G I \ {0}). By Theorem 14.5( 2). one conclude that 
(U' d ) d admits the presentation with these generators and the relations formed by 
Eq.s (Q]) - (jl77j) and the relations X = for all elements X in (Ogjl - rtOSjl . Note 
that one also has the same fact with U' d and I in place of {U' d ) cl and / \ {0} re- 
spectively. Clearly, by Definition ^. 11 one has a unique C-algebra homomorphism 

(r d ) d : {U' d ) d -> DU' d such that (F d ) d (a d ) = a d , (^) d (</) = </ (I G I), 
{F d r\E r4 ) = x+ 0;d , (r d r l (F r>d ) = x- 0;d (r G / \ {0}). Then, by Eq.s (J63ZD, 
(16. 39p . (l6. 411) . (16.421) . using D^/ d , one has a unique C-algebra homomorphism T' d : 
U' d -> DU' d such that ^(Y) = (r d y l (Y) (Y G (U' d ) d ) and F d (E 0>d ) = X+ 
F'AFq^) = X d . By the equations in Definition 16. 1[ one concludes that as a 

C-algebra, DU' d is generated by the elements a d , Kf d (Z G {0,1,2,3}), xf . d 
(r G {1, 2, 3}) and x^ Tl . d . Hence Eq.s (16.441) and (16.191) imply that the homomor- 
phism T' d is surjective. By Lemma ISTBl one obtains the equation T d T' d = '^DU' d - 
Hence T' d is injective. Thus one gets this theorem for d G {1, 2, 3}. 

The theorem for d = 4 can be proved similarly, or more easily. □ 

The following lemma implies that Eq.s ( 16.8p -( !6~TUl) are equivalent to the ones 
of the original Drinfeld second realization. 

Lemma 6.7. LetdeV\ {0}. Let 

(6-48) ^ ±M := K$(5 M + Q(k)(q - q-^kfy^), (i G / \ {0}, k G Z) 

(6.49) hi,r;d := K~lh i<r . d . (i e / \ {0}, r G Z \ {0}) 
T/ien one /ias 

oo oo 

(6.50) Kf} exp(±(g - q' 1 ) ^ * r = 1 + (q - q' 1 ) ^ z k ^ ±k , d} 

r=l k=—oo 
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( as equations of generating functions in z) 

k-l A l-k 

( 6 - 51 ) <fc id . = ~ „-i 

q-q 1 

(6.52) fe M , = ' ^ ^ ^ 



( 6 - 53 ) fo,*;* 4;^ = ± l ^ ' ; — KQ 4k + l; d 

Proof. This follows from (I6.8I) - (I6.10I) by using the definition of the elements in 
fl6^8|) - fira|) . □ 

Now we give the Drinfeld second realization of U' d . 

Theorem 6.8. Let d E V \ {0} = {1,2,3,4}. 

(1) As a Hid- graded C-algebra, DU' d admits the presentation with the genera- 
tors a d , K u j, xf Md E DU' d>±aid+kSd , and h i>r . d E DU'^, whereuE I, % E /\{0} ; 

k E Z and r E Z\ {0}, and the defining relations obtained from Eq.s (16 .4p . (16.51) . 
(jBTBJ) , IjETT) . fIBTb]) . (KTT3|) . flBToTj) . (1532]) . anrf (EBB) &y determining the ele- 
ments i)f k . d for all i E I \ {0} and all k E Z by Eq.s (I6.50p . 

(2) There exists a unique Ul d -graded C-algebra isomorphism Td : -DL^ — > U' d 
satisfying the equations obtained from Eq.s (16.151) . (16.161) . (16.171) by replacing 

Td with Td, and the equations Td(hi, r -,d) = el^K* 2 ,hi, r ;d for all i E I \ {0} 

and all r E Z \ {0}. Further, Td coincides with Td as a map and one has 

Wi±i; d ) = <« d (? - Q- l )K^K^J, h±l , d for alliEl\ {0} and all I E N. 

Proof. This theorem holds by Definition I6.1[ Theorem I6.6[ and Lemma 16.71 □ 
6.2 Extension of the C-algebras 

Recall the definitions of g and Z)W(2, l;x) from Section [2j Assume g to be 
D"(2, 1; x). Strictly £7^ is the quantum superalgebra of [g, g]. Here we treat the 
quantum superalgebra of g. 

Definition 6.9. (1) Let d E V. Define the additive group map \ d : ZLT^ — ► 

Z by = <5«o f° r i E I. The group ring of Z is the commutative and 

i _i 

cocommutative Hopf algebra C[Kl Q . d , K A * d ], where 
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1 _1 

Then U' d is a left C[K£ . d , K Ao 2 d ] -module algebra |Mol Sect. 4.1] with left action 
• : C[Kl. 4 , Kll d ] KU' d ^U' d defined by 

— Xrt(t^) 

Kl-4 • X, = q^X„ p G ZH d , X, G U'^. 

Let U d be the smash product algebra [MqI Def. 4.1.3] U d := U' d #C[Kl o . d , K~^. d ] . 
(2) Let d G P\{0}. Similarly to the construction in Part (1) define the smash 

product algebra DU d := DU d #C[Kl ;d , K~^ d }. 

We extend Theorem 16.81 to that for Ud- 

Theorem 6.10. The map can he extended to a C-algebra isomorphism from 
DU d to U d by letting Fd{K^ d ) = K^ d for all m G Z. 

Proof. This theorem follows from Theorem 16.81 and Definition 16.91 □ 
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